
RAPID COMMUNICATIONS

PHYSICAL REVIEW A 94, 050101(R) (2016)

High sensitivity to variation in the proton-to-electron mass ratio in O2
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Molecular vibrational transitions are prime candidates for model-independent searches for variation of the
proton-to-electron mass ratio. Searches for present-day variation achieve the highest sensitivity with deep
molecular potentials. We identify several high-sensitivity transitions in the deeply bound O2

+ molecular ion.
These transitions are electric-dipole forbidden and have narrow linewidths. The most sensitive transitions take
advantage of an accidental degeneracy between vibrational states in different electronic potentials. We suggest
experimentally feasible routes to a measurement with uncertainty below current limits on present-day variation
in mp/me.
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The dimensionless fundamental constants are the input
parameters to our physical theories. Apparent variations of
these constants arise naturally in many extensions to the stan-
dard model, including the spacetime evolution of additional
dimensions or new scalar fields [1]. Recent work suggests
that certain dark matter fields could induce oscillations in the
values of fundamental constants [2].

The proton-to-electron mass ratio μ = mp/me is particu-
larly interesting because the two masses arise from different
mechanisms. Variation would imply a change in the relative
strengths of the strong and electroweak interactions. Models
typically predict the relative change of μ should be of order
40 times larger than that of the fine-structure constant α [1].

Searches for variation of μ have been approached over both
cosmological and laboratory time scales. The current precision
of cosmological searches are at the level of 10−6 − 10−7 over
∼1010 yr [3–5]. The tightest bounds on present-day variation
of μ come from atomic clock experiments, which set the limit
μ̇/μ � 10−16 yr−1 [6,7]. In these experiments, nearly all the
sensitivity to μ variation comes from the hyperfine structure
of cesium, and extracting the precise μ dependence requires a
model of the cesium nuclear magnetic moment [8].

The vibration and rotation of molecules provide a model-
independent means to search for variation in μ [9–14]. The
most stringent constraint from a molecular measurement is
μ̇/μ = (−3.8 ± 5.6) × 10−14 yr−1 in SF6 [15]. We propose
O2

+ as a molecule possessing a high sensitivity to present-day
variation in μ as well as experimentally feasible means for
measuring it. We describe two possible measurements, each of
which is capable of resolving fractional changes in μ to better
than 10−16 in 1 day with a single molecule. As discussed below,
the high sensitivity arises from the molecule’s deep electronic
ground-state potential (54 600 cm−1). Other molecules with
deep potentials may also have suitable transitions.

Features of the relatively simple molecular structure of
O2

+ make it amenable for experiments. It is homonuclear,
so nuclear symmetry eliminates half the rotational states and
forbids electric dipole (E1) transitions within an electronic
state. A homonuclear molecule’s nonpolarity also suppresses
many systematic effects [16–19], including some ac Stark
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and blackbody radiation shifts. The most common isotope of
oxygen (16O, 99.8% abundance) has no nuclear spin, so 16O2

+
lacks a hyperfine structure. Unlike many molecular ions, O2

+
has measured spectroscopic parameters [20–28] and existing
theoretical calculations [29–33]. This prior work has been
motivated in part because of the important role O2

+ plays in
the ionospheres of Earth and other planets [34]. Most relevant
to the present work, several vibrational states in the middle of
the O2

+ ground X 2�g potential are nearly degenerate with
low vibrational states of the excited a 4�u potential. This
degeneracy should allow searches for variation in μ with high
sensitivity in both the absolute and relative senses [35].

Searches for fractional changes in μ usually involve mon-
itoring the energy difference �ω between two energies with
different μ dependence, �ω = E′(μ) − E′′(μ). The change in
μ is then given by

�μ

μ
= 1

μ

(
∂ω

∂μ

)−1

�ω =
(

∂ω

∂(ln μ)

)−1

�ω. (1)

The absolute sensitivity of the transition is given by
∂ω/∂(ln μ), which is sometimes called the absolute enhance-
ment factor. In an experiment, the statistical precision with
which �ω can be measured is given by

δω = �√
M S/δS

, (2)

where � is the transition linewidth, S/δS is the signal-to-
noise ratio, and M the number of independent measurements
(assuming white noise). Here, δω represents the uncertainty in
determining the change �ω. The figure of merit is thus

∂ω

∂(ln μ)

1

�
. (3)

In some cases, such as the Doppler-broadened lines en-
countered in astrophysical measurements, the linewidth is
proportional to the transition frequency and the figure of
merit is proportional to the relative enhancement factor
[∂ω/∂(ln μ)]/ω. In other cases, such as O2

+, such relative
enhancement can be experimentally convenient.

Because of its importance in isotope shifts, the scaling of
molecular parameters with μ has been known for some time
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(see Sec. III.2.g in Ref. [36]). In particular, for a state of energy

E/(hc) = Te + ωe

(
v + 1

2

) − ωexe

(
v + 1

2

)2 + BeJ (J + 1),

(4)

the electronic energy Te is independent of μ, the vibrational
coefficient ωe scales as μ−1/2, the lowest anharmonicity coeffi-
cient ωexe scales as μ−1, and the rotational constant Be scales
as μ−1. (Here, the parameters are given as wave numbers.
For scaling of additional coefficients, see Refs. [36–38].)
Thus the absolute sensitivity of a particular state to variation
in μ is given by

1

hc

∂E

∂(ln μ)
= − 1

2ωe

(
v + 1

2

) + ωexe

(
v + 1

2

)2 − BeJ (J + 1).

(5)

Transitions between different vibrational states will generally
yield higher sensitivity both because ωe tends to be larger than
Be and because selection rules preclude transitions between
states of vastly different J . The first term in Eq. (5) shows
a linear growth in sensitivity with vibrational state. For
higher states, the opposite sign of the second term slows the
growth. The vibrational states return to no sensitivity near the
dissociation limit. As was pointed out in Refs. [16,35], the peak
sensitivity is approximately 1/4 of the dissociation energy and
occurs for vibrational states with energies approximately 3/4
of the dissociation limit.

Vibrational selection rules typically preclude direct tran-
sitions between low- and high-sensitivity states within the
same electronic state. To alleviate this restriction, Zelevinsky
et al. [16] proposed driving stimulated Raman transitions via
an excited electronic state and suggested Sr2 as a candidate
molecule. DeMille et al. [35] suggested transitions between
different electronic states. The linewidth for such a transition
can still be narrow if the interelectronic transition is forbidden,
for example, by spin selection rules. DeMille et al. emphasize
the practical advantage of choosing transitions with high
relative sensitivity and identify Cs2 as a candidate molecule
with a near degeneracy between vibrational states in different-
multiplicity electronic states.

Because the maximum sensitivity is proportional to the
potential depth, one should look for experimentally viable
routes in deeply bound molecules. Kajita et al. [17–19] have
identified several vibrational transitions in the N2

+ molecule
that are accessible via two-photon transitions. We propose O2

+
as a candidate molecule with several accessible transitions that
are 50–75 times more sensitive than those in prior proposals
with photoassociated molecules. Indeed, even the energy
difference between the O2

+ X 2�g ground and first-excited
vibrational states has several times the absolute sensitivity of
the transitions proposed in Refs. [16,35]. Because they are
both deeply bound, the sensitivities in O2

+ are comparable to
those in N2

+, though the most sensitive transition we propose is
2–6 times more sensitive than those identified in Refs. [17–19].
Additionally, there are accidental degeneracies in O2

+ between
the 21st and 22nd excited vibrational states of the X 2�g state
and v = 0,1 of the a 4�u state. Several transitions between
these states are likely to have energies in the microwave range.
Spin-orbit coupling between a 4�u and the nearby A 2�u state
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FIG. 1. Potential curves (in the Morse approximation) for the X,
a, and A states of O2

+. The horizontal lines indicate the measured
energies of vibrational states [26–28]. The inset shows the doublet-
X and quartet-a levels discussed in the text, including spin-orbit
splittings. The labels on each fine-structure level indicate 	 in the
case (a) (low-J ) limit.

should allow the driving of these nominally spin-forbidden
transitions [39].

The lowest molecular potentials of O2
+ have been studied

for some time. Figure 1 plots the X 2�g , a 4�u, and A 2�u

potentials. The vibrational state energies have been measured
up to v = 38 for the X state [24,26], v = 18 for the a state
[25,28], and v = 12 for the A state [27]. By use of the resulting
molecular parameters as well as Eq. (5), we calculate each
vibrational level’s sensitivity to variation in μ. These sensitiv-
ities, ∂Ev/∂(ln μ), are plotted in Fig. 2. The values plotted in
the figure are calculated using a Morse approximation for the
potential [36]. For the particular transitions proposed herein,
the sensitivity calculated from the Morse potential and from the

a 4Πu

A 2Πu
X 2Πg

FIG. 2. Absolute sensitivity of vibrational states in the X, a, and
A potentials, calculated using the Morse approximation. The arrows
indicate the proposed transitions.
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measured molecular parameters agree to better than 0.5%. The
relevant coefficients are included in the Supplemental Material
[40].

The X state’s high ωe means that even the lowest
vibrational transitions are quite sensitive to variation in μ.
The transition |X,v = 0〉 ↔ |X,v = 1〉, has a sensitivity of

1
2πc

∂ω
∂(ln μ) = 920 cm−1 = 28 THz/c and an energy difference

�E/(hc) = 1873 cm−1 = 1/(5339 nm). Because O2
+ is non-

polar, this transition is E1 forbidden but proceeds as an
electric quadrupole (E2) transition. Its natural linewidth is
thus extremely narrow and any experimental linewidth will
be limited by technical noise (e.g., laser linewidth) or probe
time. An experiment driving the lowest vibrational transitions
with two Raman lasers has been proposed in N2

+ [17]. The
N2

+ ground-state v = 0 ↔ 1 electric-quadrupole transition
has been driven directly with a quantum cascade laser [41].
Similar techniques could be applied to O2

+.
Given the absolute sensitivity, we can use Eq. (2) to estimate

the achievable statistical precision of a v = 0 ↔ 1 measure-
ment. Assuming a probe time equal to �−1 and minimal
experimental dead time, the total number of measurements
scales linearly in the total measurement duration τ as M = τ�.
If the signal-to-noise ratio is limited by quantum projection
noise [42], then S/δS = √

N , where N is the number of
independent molecules probed per experimental run. The
statistical precision would then be δω ∼ √

�/(Nτ ). With a
�/(2π ) = 1 Hz linewidth, the lowest vibrational transition
should be able to achieve δμ/μ ∼ 1.4 × 10−14/

√
N (τ/s) or

of order 5 × 10−17 in 1 day with one molecule.
To enhance sensitivity, one could measure the energy

difference between vibrational states near the middle of the
potential and those near the bottom or near dissociation.
With a potential as deep as O2

+, driving such a transition
with two Raman lasers becomes challenging. Directly driving
the quadrupole overtone transitions suffers from very small
quadrupole moments for large �v. Driving them as two-
photon transitions (as proposed for N2

+ in Ref. [19]) is
a plausible way forward. In the case of O2

+, accidental
degeneracies between different electronic potentials provide
high sensitivity with a relatively low-energy difference. Here,
two high-sensitivity states |X 2�g,v = 21,22〉 are nearly
degenerate with two low-sensitivity states |a 4�u,v = 0,1〉.
Figure 1 (inset) shows the overlap, including spin-orbit split-
ting. Because the rotational coefficients of these two states are
slightly different, the degeneracy may in some sense be “tuned”
by choosing an appropriate J and �J . The absolute sensitivity
of the |X,v′′ = 21〉 ↔ |a,v′ = 0〉 transition is 12 600 cm−1 =
378 THz/c; that of the |X,v′′ = 22〉 ↔ |a,v′ = 1〉 transition
is 12 300 cm−1 = 369 THz/c. Depending on the particular J

and �J , sensitivity contributions from the Be coefficient may
be of order 100 cm−1.

Using measured molecular parameters for the X and a

states [22,24–26], we make an effective Hamiltonian [43]
and calculate the energies and eigenstates of the individual J

states within the relevant vibrational states [40]. We calculate
all transition energies with �J = 0, ± 1 and |�E|/(hc) <

10 cm−1 = 300 GHz/c. Figure 3 plots the results, which
are tabulated in the Supplemental Material [40]. As can be
seen, many energies lie in a range where radio-frequency
and microwave techniques may be used. The relatively lower
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FIG. 3. Near degeneracy of X and a states. Transitions are plotted
from |X F2,v

′′ = 21,J ′′〉 (open) or |X F1,v
′′ = 21,J ′′〉 (solid) to

|a F1,v
′ = 0,J ′〉 (�), F2 (•), F3 (�), or F4 ( ). The |X F1,v

′′ =
22,J ′′〉 ↔ |a F4,v

′ = 1,J ′〉 transitions are plotted with �. The
separate plots indicate �J = J ′′ − J ′ = −1, 0, or +1. Gray bands
show a ±4 cm−1 uncertainty range. By convention [36,43], the Fi

indicate the energy order of the eigenstates for a given J with F1

having the lowest energy.

transition frequencies relax the demands on relative accuracy
while maintaining high absolute sensitivity. The uncertainties
on the calculated transition energies are 3–5 cm−1, but they are
highly correlated such that even if these particular transitions
are no longer within 10 cm−1, others will be.

While transitions between the doublet-X and quartet-a
states are spin forbidden, spin-orbit mixing of the a 4�u and
A 2�u states (7625 cm−1 apart) provides sufficient coupling.
This mixing also dominates the decay of the a state and thus
the linewidth of our proposed transitions. With an estimate
of the mixing and the known 690 ns lifetime of the A

state [44], we can calculate the linewidth of each transition.
Only the a 4�1/2,u and a 4�3/2,u substates couple to the A

state, so we use our effective Hamiltonian to calculate the
projection of each eigenstate in the Hund’s case (a) basis. A
similar technique was used in Ref. [44] to explain a-state-
lifetime data. They used 72 cm−1 as an ab initio calculated
estimate of the matrix elements 〈a 4�1/2,u|HSO|A 2�1/2,u〉 and
〈a 4�3/2,u|HSO|A 2�3/2,u〉, and we do so as well. (Ref. [45]
calculates a similar value for these matrix elements.) The
transition linewidths fall in the range �/(2π ) = 0.07–10 Hz
[40]. With the same assumptions as before, a 1-Hz-linewidth
transition should be able to achieve a statistical precision of
δμ/μ ∼ 1.1 × 10−15/

√
N (τ/s) or of order 4 × 10−18 in 1 day

with one molecule.
When estimating the transition dipole moment, the same

mixing of a and A states and spin-orbit matrix elements
apply. Because the a and A states have similar equilibrium
bond lengths, the coupling of |X,v′′〉 to |a,v′〉 is primarily
through a single vibrational state |A,v′〉. By use of Rydberg-
Klein-Rees (RKR) potential curves generated from the data
in Refs. [26,27], we calculate [46] the Franck-Condon factor
between |X,v′′ = 21〉 and |A,v′ = 0〉 to be 1.8 × 10−6. This
value agrees to within 15% with a prior published value
[47] that relied on older spectroscopy data. The electronic
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transition moment between |X,v′′ = 21〉 and |A,v′ = 0〉 has
been calculated to be 0.503ea0 [47]. Combining these elements
with our case (a) eigenstates, we estimate the transition dipole
moment of these transitions to be of order 10−6ea0. A typical
transition could be driven with a Rabi frequency approximately
the same as its linewidth by use of a microwave electric field
of order 10–100 V/m.

We have identified techniques for producing and analyzing
the states of O2

+. Rovibrationally selected O2
+ molecules have

been produced in the X 2�g state with v = 0,1, and J up to 51
2

[48]. The production is via resonance-enhanced multiphoton
ionization (REMPI) with the selection coming from use of
the d 1�g Rydberg state in neutral O2 [49]. Excitation to the
Rydberg state requires two photons in the range 296.5–303.5
nm, and ionization requires a third photon, which could be
at the same wavelength. Transfer from |X,v = 0〉 to |a,v =
0〉 could be driven coherently with a laser of wavelength
308 nm. This transition is allowed through the same a − A

spin-orbit mixing. The |X,v = 0〉 ↔ |A,v = 0〉 transition has
an electric dipole moment 0.192ea0 [47] and Franck-Condon
factor 1.7 × 10−6. A 1-mW laser focused to 50 μm (intensity
2.5 × 105 W/m2) should produce a Rabi frequency of order
100 Hz.

Detection of the state could be done by driving from
a 4�u to b 4�−

g , which has predissociation states at higher
vibrational levels [50]. Any population in the |X,v = 21〉 state
would not be transferred to the b state. While preliminary
measurements could take place in a beam, trapping O2

+ and
sympathetic cooling to a Coulomb crystal with cotrapped
atomic ions would allow longer probe times and eliminate
first-order Doppler shifts. Trapping only a few atoms and
molecules could enable nondestructive detection via quantum

logic spectroscopy [51,52]. Such detection could increase
the duty cycle by reducing the need to reload ions and
would reduce systematic effects associated with micromotion
in a radio-frequency trap [53], though it may reduce the
statistical limit because fewer molecules would be probed per
experiment.

In conclusion, we have identified two routes in the O2
+

molecular ion to a high-sensitivity search for present-day
variation in the proton-to-electron mass ratio. The highest
sensitivity comes from an accidental degeneracy between
excited vibrational levels of the X state and the lowest
vibrational levels of the a state. We note that spin-orbit-
coupling energies scale as ∼α2 [11,54] such that any transition
between different fine-structure states should be sensitive to α

variation in addition to μ variation. A thorough analysis of the
systematic effects is an important next step.

We note that there is another set of degeneracies among the
O2

+ |X,v = 27–30〉, |a,v = 7–10〉, and |A,v = 0–2〉 states
[40]. The direct overlap with the A state would require a more
extensive linewidth calculation than described here. It is also
likely that such degeneracies exist in other molecules. Some
homonuclear molecules with deep electronic-ground-state
potentials and different-multiplicity potentials dipping within
them include Te2 [55], Br2, Ge2, and I2

+ [56]. The heavier of
these tend to have smaller vibrational splittings, which increase
the likelihood of a degeneracy. It is possible that similar tran-
sitions can be found among the infrared-inactive vibrational
modes of deeply bound nonpolar polyatomic molecules.

This material is based upon work supported by the NSF
under Grant CAREER PHY-1255170 and the Research Cor-
poration for Science Advancement.
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SENSITIVITY CALCULATIONS

Equation (5) in the main text gives the absolute sensitivity of a particular rovibration state in terms of molecular
parameters. Table SI lists the relevant parameters for the X 2Πg, a

4Πu, and A 2Πu states. We provide the lowest
anharmonic coefficients ωexe both as measured molecular parameters and as calculated parameters in the Morse-
potential approximation [S1]. The calculated coefficients rely on each state’s potential depth, which we calculate from
the measured dissociation limit (18.733(3) eV [S2]) and each state’s electronic energy Te. For the levels of interest,
the sensitivity coefficients agree to better than 0.5% with either anharmonic coefficient. For example, X 2Πg, v = 21,
has 1

hc
∂E

∂(lnµ) = −12 860 cm−1 using the measured ωexe and −12 800 cm−1 using the calculated value. The main text’s

Fig. 2 uses the Morse-potential values.

TABLE SI. Coefficients used in sensitivity calculations. Uncertainties are shown in parentheses.

state Te/cm
−1 ωe/cm

−1 ωexe(measured)/cm−1 ωexe(Morse)/cm−1

X 2Πg 96496(4)a 1906.069(27)b 16.5054(84)b 16.6363(73)

a 4Πu 129378.3(3.2)c 1035.5190(35)d 10.382(23)d 12.346(14)

A 2Πu 137073.2(3.2)e 898.10(33)f 13.22(15)f 14.384(12)

a Ref. [S2]
b Ref. [S3]
c Ref. [S4]
d Ref. [S5]
e Ref. [S6]
f Ref. [S7]

EFFECTIVE HAMILTONIAN

To calculate the energies and eigenstates of the rotational levels in a particular vibrational state, we diagonalize
an effective Hamiltonian. See, for example, ref. [S8, Eq. 10.114–10.115]. We include the electronic and vibrational
state energy Tv, spin–orbit coupling Av, and rigid-body rotation Bv. As discussed below, higher-order terms such as
centrifugal distortion Dv or Λ-doubling are not necessary at our precision.

Eigenstates in both X 2Πg and a 4Πu are written in the Hund’s case-(a) basis:

c3/2
∣

∣

2Π3/2

〉

+ c1/2
∣

∣
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〉
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In these bases, the effective Hamiltonians are given by

H(2Π) =
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and
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The top-left component is the one with Ω = 3/2 and 5/2, respectively.
The parameters used in these Hamiltonians are listed in Table SII. Although some identified transitions occur at

fairly high J , the contributions of the Dv coefficients are not important at the few-cm−1 scale. The Dv coefficients for
the |a 4Πu, v

′ = 0, 1〉 states are 5.0455(189)×10−6 cm−1 and 5.0567(176)×10−6 cm−1, respectively [S5]. We extrapolate
the Dv coefficients of the X 2Πg state from merged parameters in ref. [S7] to obtain D21 = 5.43(85)× 10−6 cm−1 and
D22 = 5.34(92) × 10−6 cm−1. Even at the higher J ’s, the contributions from Dv cancel to be consistent with zero
with uncertainties of a few times 0.1 cm−1.

TABLE SII. Coefficients used in energy calculations. Uncertainties are shown in parentheses.

state Tv/cm
−1 Av/cm

−1 Bv/cm
−1

X 2Πg, v = 21 129896.9(2.0)a 177.0(1.0)b 1.25(3)b

X 2Πg, v = 22 131075(5)b 174.0(1.0)b 1.25(1)b

a 4Πu, v = 0 129892(2)c −47.7927(19)d 1.096990(26)d

a 4Πu, v = 1 130904(2)c −47.7997(21)d 1.081532(18)d

a Ref. [S3]
b Ref. [S2]
c Ref. [S9]
d Ref. [S5]

TABLES OF NEAR-DEGENERACIES

Below are tables listing every pair of energy levels with |∆E| < 10 cm−1 and ∆J = 0,±1. Also provided are
the estimated linewidths and the eigenstate superposition coefficients from diagonalizing the effective Hamiltonians
above. The uncertainties in ∆E are 3–6 cm−1. They are highly correlated, however, such that even if these particular
transitions are no longer within 10 cm−1, others likely will be. By convention [S1, S8], the Fi indicate the energy
order of the eigenstates for a given J with F1 having the lowest energy. In the case (a) limit, the O+

2 X 2Πg state has
Ω = 1

2 in F1 and 3
2 in F2, while the a 4Πu state has Ω = 5

2 ,
3
2 ,

1
2 ,−

1
2 in F1,2,3,4.

TABLE SIII: The near-degeneracies |X 2Πg, v
′′ = 21, J ′′〉 and |a 4Πu, v

′ = 0, J ′〉, including the eigenstate superpo-
sition coefficients.

X 2Πg a 4Πu J ′′ J ′ ∆E/cm−1 Γ

2π
/Hz c′′3/2 c′′1/2 c′5/2 c′3/2 c′1/2 c′

−1/2

F2 F4
7

2

9

2
−8.88 0.45 −1.00 0.03 −0.00 0.02 −0.20 0.98

F2 F4
9

2

11

2
−7.30 0.63 −1.00 0.04 −0.00 0.03 −0.24 0.97

F2 F4
11

2

13

2
−5.91 0.83 −1.00 0.04 −0.00 0.04 −0.27 0.96

F2 F4
13

2

15

2
−4.71 1.05 −1.00 0.05 −0.01 0.05 −0.30 0.95

F2 F4
15

2

17

2
−3.71 1.28 −1.00 0.06 −0.01 0.07 −0.34 0.94

F2 F4
17

2

19

2
−2.91 1.52 −1.00 0.06 −0.01 0.08 −0.36 0.93

F2 F4
19

2

21

2
−2.32 1.77 −1.00 0.07 −0.01 0.09 −0.39 0.92

F2 F4
21

2

23

2
−1.95 2.02 −1.00 0.08 −0.01 0.11 −0.42 0.90

F2 F4
23

2

25

2
−1.80 2.27 −1.00 0.08 −0.02 0.12 −0.44 0.89

F2 F4
25

2

27

2
−1.88 2.52 −1.00 0.09 −0.02 0.13 −0.46 0.88

F2 F4
27

2

29

2
−2.19 2.76 −1.00 0.10 −0.03 0.15 −0.48 0.86

F2 F4
29

2

31

2
−2.74 3.00 −0.99 0.11 −0.03 0.16 −0.50 0.85

F2 F4
31

2

33

2
−3.54 3.23 −0.99 0.11 −0.03 0.18 −0.51 0.84

F2 F4
33

2

35

2
−4.60 3.45 −0.99 0.12 −0.04 0.19 −0.53 0.83

F2 F4
35

2

37

2
−5.90 3.66 −0.99 0.13 −0.04 0.20 −0.54 0.81

F2 F4
37

2

39

2
−7.47 3.87 −0.99 0.13 −0.05 0.21 −0.55 0.80

F2 F4
39

2

41

2
−9.30 4.07 −0.99 0.14 −0.05 0.23 −0.57 0.79

F1 F1
7

2

5

2
−3.90 0.07 −0.03 −1.00 1.00 0.08 0.00 0.00

F1 F1
9

2

7

2
−7.85 0.16 −0.04 −1.00 0.99 0.12 0.01 0.00
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TABLE SIII: (continued)

X 2Πg a 4Πu J ′′ J ′ ∆E/cm−1 Γ

2π
/Hz c′′3/2 c′′1/2 c′5/2 c′3/2 c′1/2 c′

−1/2

F1 F1
5

2

5

2
4.79 0.07 −0.02 −1.00 1.00 0.08 0.00 0.00

F1 F1
7

2

7

2
3.32 0.16 −0.03 −1.00 0.99 0.12 0.01 0.00

F1 F1
9

2

9

2
1.43 0.27 −0.04 −1.00 0.99 0.16 0.02 0.00

F1 F1
11

2

11

2
−0.87 0.41 −0.04 −1.00 0.98 0.19 0.02 0.00

F1 F1
13

2

13

2
−3.59 0.57 −0.05 −1.00 0.97 0.23 0.03 0.00

F1 F1
15

2

15

2
−6.71 0.74 −0.06 −1.00 0.97 0.26 0.04 0.00

F1 F1
17

2

19

2
9.42 1.12 −0.06 −1.00 0.95 0.31 0.06 0.01

F1 F1
19

2

21

2
7.57 1.33 −0.07 −1.00 0.94 0.34 0.08 0.01

F1 F1
21

2

23

2
5.34 1.55 −0.08 −1.00 0.93 0.37 0.09 0.01

F1 F1
23

2

25

2
2.72 1.76 −0.08 −1.00 0.92 0.39 0.10 0.02

F1 F1
25

2

27

2
−0.28 1.99 −0.09 −1.00 0.90 0.41 0.11 0.02

F1 F1
27

2

29

2
−3.67 2.21 −0.10 −1.00 0.89 0.43 0.13 0.02

F1 F1
29

2

31

2
−7.42 2.43 −0.11 −0.99 0.88 0.45 0.14 0.03

F1 F2
25

2

23

2
4.95 9.38 −0.09 −1.00 −0.36 0.82 0.44 0.10

F1 F2
27

2

25

2
−1.75 9.16 −0.10 −1.00 −0.39 0.79 0.46 0.11

F1 F2
29

2

27

2
−8.77 8.93 −0.11 −0.99 −0.41 0.76 0.48 0.13

F1 F2
35

2

35

2
5.91 8.04 −0.13 −0.99 −0.48 0.66 0.55 0.18

F1 F2
37

2

37

2
−0.21 7.82 −0.13 −0.99 −0.50 0.63 0.56 0.19

F1 F2
39

2

39

2
−6.63 7.61 −0.14 −0.99 0.51 −0.60 −0.58 −0.21

F1 F2
51

2

53

2
5.66 6.33 −0.18 −0.98 −0.58 0.44 0.62 0.29

F1 F2
53

2

55

2
−0.72 6.18 −0.18 −0.98 −0.59 0.42 0.62 0.30

F1 F2
55

2

57

2
−7.39 6.04 −0.19 −0.98 0.60 −0.40 −0.63 −0.30

F1 F3
41

2

39

2
8.89 7.13 −0.15 −0.99 −0.19 0.57 −0.57 −0.56

F1 F3
43

2

41

2
1.14 6.94 −0.15 −0.99 0.21 −0.58 0.55 0.57

F1 F3
45

2

43

2
−6.87 6.76 −0.16 −0.99 −0.22 0.59 −0.52 −0.58

F1 F3
57

2

57

2
2.66 5.71 −0.20 −0.98 0.29 −0.62 0.37 0.63

F1 F3
59

2

59

2
−5.06 5.58 −0.20 −0.98 −0.30 0.62 −0.35 −0.63

F1 F3
75

2

77

2
8.43 4.74 −0.25 −0.97 0.37 −0.62 0.21 0.66

F1 F3
77

2

79

2
0.36 4.67 −0.25 −0.97 −0.37 0.62 −0.20 −0.66

F1 F3
79

2

81

2
−7.99 4.60 −0.26 −0.97 0.38 −0.62 0.18 0.66

F1 F4
61

2

59

2
1.74 5.45 −0.21 −0.98 −0.09 0.32 −0.63 0.70

F1 F4
63

2

61

2
−6.89 5.57 −0.21 −0.98 0.09 −0.33 0.63 −0.69

F1 F4
79

2

79

2
3.89 6.38 −0.26 −0.97 0.13 −0.39 0.66 −0.63

F1 F4
81

2

81

2
−4.98 6.45 −0.26 −0.96 0.13 −0.39 0.66 −0.63

F1 F4
101

2

103

2
6.82 7.01 −0.31 −0.95 0.16 −0.44 0.67 −0.58

F1 F4
103

2

105

2
−2.97 7.05 −0.31 −0.95 0.17 −0.44 0.67 −0.57
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TABLE SIV: The near-degeneracies |X 2Πg, v
′′ = 22, J ′′〉 and |a 4Πu, v

′ = 1, J ′〉, including the eigenstate superpo-
sition coefficients.

X 2Πg a 4Πu J ′′ J ′ ∆E/cm−1 Γ

2π
/Hz c′′3/2 c′′1/2 c′5/2 c′3/2 c′1/2 c′

−1/2

F1 F4
1

2

3

2
−7.84 0.08 0.00 1.00 0.00 0.00 −0.08 1.00

F1 F4
3

2

5

2
−5.77 0.17 −0.01 −1.00 −0.00 0.01 −0.12 0.99

F1 F4
5

2

7

2
−3.87 0.30 −0.02 −1.00 −0.00 0.01 −0.16 0.99

F1 F4
7

2

9

2
−2.15 0.45 −0.03 −1.00 −0.00 0.02 −0.20 0.98

F1 F4
9

2

11

2
−0.61 0.63 −0.04 −1.00 −0.00 0.03 −0.23 0.97

F1 F4
11

2

13

2
0.75 0.84 −0.04 −1.00 −0.00 0.04 −0.27 0.96

F1 F4
13

2

15

2
1.92 1.06 −0.05 −1.00 −0.00 0.05 −0.30 0.95

F1 F4
15

2

17

2
2.90 1.30 −0.06 −1.00 −0.01 0.06 −0.33 0.94

F1 F4
17

2

19

2
3.67 1.55 −0.06 −1.00 −0.01 0.08 −0.36 0.93

F1 F4
19

2

21

2
4.24 1.80 −0.07 −1.00 −0.01 0.09 −0.39 0.92

F1 F4
21

2

23

2
4.59 2.06 −0.08 −1.00 −0.01 0.10 −0.41 0.91

F1 F4
23

2

25

2
4.73 2.31 −0.09 −1.00 −0.02 0.12 −0.44 0.89

F1 F4
25

2

27

2
4.63 2.57 −0.09 −1.00 −0.02 0.13 −0.46 0.88

F1 F4
27

2

29

2
4.31 2.82 −0.10 −0.99 −0.02 0.14 −0.48 0.87

F1 F4
29

2

31

2
3.74 3.06 −0.11 −0.99 −0.03 0.16 −0.49 0.85

F1 F4
31

2

33

2
2.93 3.30 −0.11 −0.99 −0.03 0.17 −0.51 0.84

F1 F4
33

2

35

2
1.87 3.53 −0.12 −0.99 −0.04 0.18 −0.53 0.83

F1 F4
35

2

37

2
0.56 3.75 −0.13 −0.99 −0.04 0.20 −0.54 0.82

F1 F4
37

2

39

2
−1.01 3.97 −0.13 −0.99 0.04 −0.21 0.55 −0.81

F1 F4
39

2

41

2
−2.85 4.17 −0.14 −0.99 0.05 −0.22 0.56 −0.79

F1 F4
41

2

43

2
−4.95 4.36 −0.15 −0.99 −0.05 0.23 −0.57 0.78

F1 F4
43

2

45

2
−7.32 4.55 −0.15 −0.99 −0.06 0.25 −0.58 0.77

F1 F4
45

2

47

2
−9.97 4.73 −0.16 −0.99 −0.06 0.26 −0.59 0.76
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FIG. S1. Overlap of the X 2Πg, a
4Πu, and A 2Πu states near |X, v = 27–30〉. The levels are calculated from refs. [S2, S4, S6].

Note that the A state’s spin-orbit constant is small enough that the doublet splitting is not visible at this scale.
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